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The aim of the present note is to establish some new discrete inequalities of the 
Opial and Wirtinger type involving sequences of real numbers and their forward 
differences. The analysis used in the proofs is quite elementary and based on some 
simple observations and the applications of some fundamental inequalities. 0 1987 
Academic Press. Inc. 
1. INTRoDUCT10~ 
During the past several years a large number of papers have been written 
dealing with various extensions and generalizations of the well-known 
Opial and Wirtinger inequalities, see [S, pp. 141-1621 and the references 
given therein. A number of interesting results on discrete analogs of these 
inequalities and their variants are established by Lee [6], Myjak [9], 
Wong [lo], Fan et al. [2], Fink [4], Feinberg [3], and others. The main 
purpose of the present note is to establish some new discrete inequalities of 
the Opial and Wirtinger type involving sequences of real numbers and their 
forward differences which we believe are of independent interest. The 
method we use to establish our results is quite elementary and based on 
some simple observations and applications of some fundamental 
inequalities. 
2. STATEMENT OF RESULTS 
Before stating the theorems we intend to prove, we first introduce the 
basic notations and definitions used in our discussion. Let N= { 1, 2, . ..}. 
N, = (0, 1, 2, . ..}. N,,, = (0, 1, 2, . . . . n}, n E N, and A is the forward dif- 
ference operator defined by Au, = uk+ 1 - uk, k E N,. We shall use the usual 
convention that Cp:“1, uk = 0 for n, E N,,. 
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An interesting Opial type discrete inequality involving two sequences 
and their forward differences is embodied in the following theorem. 
THEOREM 1. Let {uk} and {ok}, k E N, be nondecreasing sequences of 
nonnegative real numbers with u,, = u0 = 0. Then 
ukAuk+~+, Au,] <; nfl [(Auk)’ + (Auk)*], (1) 
k=O 
for all n e No. 
As an immediate consequence of Theorem 1, we obtain the following dis- 
crete inequality which in turn is a discrete analog of the Opial inequality 
(see, [ 10, Theorem 2, when p = 1 I). 
THEOREM 2. Let (uk}, k E No be a nondecreasing sequence of non- 
negative real numbers with u. = 0. Then 
II- I 
c uk+, Auk<yn$ (Au,)‘, (2) 
k=O k=O 
for all nENo. 
Our next result deals with the Wirtinger type discrete inequality involv- 
ing two sequences and their forward differences. 
THEOREM 3. Let { uk) and {uk}, k E No,, be sequences of real numbers 
such that u. = 1.4, = 0, u. = u, = 0 and p, q 2 1 be real constants. Then 
for all n E No,,. 
Remark 1. We note that, in the special case when p = q = r and 
uk = uk = fk, the inequality established in (3) reduces to the following Wir- 
tinger type discrete inequality 
nfl , fk12” < (3” HE1 IAfk[*T 
k=O k=O 
(4) 
For detailed discussion on Wirtinger type integral and discrete inequalities, 
see [8, pp. 141-154; and 2-41. 
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3. PROOFS OF THEOREMS l-3 
It is easy to observe that the following identity holds 
A(ukuk) = uk AU, + ok+, AU,, 
for k E NO. From (5) we obtain 
n-l 
,c, cuk A 
ok + t’/, + , AU,] = u,u,,, 
(5) 
(6) 
for n E N,. Using the elementary inequality ab d t (a’ + h2) (for a, 6, reals) 
and the facts that u,,=C;:h Auk, v,=C;=A Auk, and the Schwarz 
inequality, we observe that 
<; “2’ [(h4k)2 +(dUk)2]. 
k=O 
(7) 
The desired inequality (1) 
proof of Theorem 1. 
Set vk=uk and kczNo in 
II- I 
follows from (6) and (7). This completes the 
(1 ), then we have 
,, - 1 
kg, ’ u,+u,+,] dU,<n c (AU,)*. 
We observe that 
k=O 
(8) 
n- 1 n-l 
k:O ’ 
&+uk+,] Ah= c [-A%+2%+,lA% 
k=O 
,, - I ,1 - I 
= - c (Au,)‘+2 c uk+, A&. (9) 
k=O k=O 
From (8) and (9) we obtain the desired inequality in (2) and the proof of 
Theorem 2 is complete. 
For k E N,,n, we have the following identities 
k-l n-1 
uk = c Au,, tdk= - 1 Aui, (10) 
,=o ,=k 
k-l n ~~ I 
vk = c Au,, ok = - 1 Avis (11) 
,=O i=k 
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From (10) and (11) we observe that 
and 
(12) 
From (12) and (13) and using the elementary inequality (see [ 1, 5, 71) 
PX P+4+qyP+4- (p+q)xpyy>o 
(where x, ~30 and p>O and q>O are reals), we observe that 
lUklP luklq&) (i)“” (‘1;; lAUil)“’ 
+ (&) (;)‘+” (yg ldc;l)n+4 (14) 
Using Holder’s inequality on the right side of (14) with indices p +q, 
(P+q)/(p+q- 1) we obtain 
From (15) we observe that 
This is the required inequality in (3) and the proof of Theorem 3 is 
complete. 
Remark 2. We note that the discrete inequalities involving sequences of 
real numbers and their forward differences are established by various 
authors by using different techniques [24, 6, 9, lo]. An interesting feature 
of the inequalities established in Theorems l-3 is that the analysis used in 
their proofs is quite elementary and different from those in [24, 6, 9, lo]. 
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